In collisions of antiprotonsp with hydrogen atoms or molecules, antiprotonic hydrogen (protonium)pp is produced mostly in very high principal (n) and angular momentum ( ) quantum number states, which are practically stable against particle-antiparticle annihilation. However, since annihilation is very fast for the ns state, mixing induced by surrounding electric fields or by collisions has a serious influence on the stability of the producedpp atoms, as was first pointed out by Day et al (1959 Phys. Rev. Lett. 3 61). This paper calculates the cross sections for annihilation which stem from -changing transition by ion collisions. Because the collision time can be comparable to the lifetime against ns annihilation in the present case, collisional transition and annihilation must be treated in a coherent manner. We carry out an impact-parameter close-coupling calculation, simultaneously including the annihilation channel by means of an optical potential model. At low collision energies, the mixing due to the polarization effect makes the annihilation cross section enormously large.
Introduction
Antiprotonic hydrogenpp (also referred to as protonium) is a hydrogenic atom composed of a proton (p) and its antiparticle, i.e., an antiproton (p). Since the pair ofp and p annihilate by strong hadron-nucleus interactions once they come sufficiently close to each other, the antiprotonic hydrogen is strictly an unstable atom, and its energy levels have widths associated with the lifetime against annihilation. The width is 1s ∼ 1 keV for the 1s state, and becomes very small for the higher angular momenta 1 (e.g., 2p ∼ 40 meV) [1, 2] .
In experimental studies at the Low Energy Antiproton Ring (LEAR) of CERN [1, 2] , thepp atoms were produced when a beam of antiprotons was stopped in gaseous or liquid hydrogen. Recently, thepp formation has been theoretically investigated in collisions of Figure 1 . A level profile ofpp atoms. The hydrogenic energy is E n = −R/n 2 , where R = 12.49 keV. The level shift of the ns state is E ns = E 1s /n 3 , where E 1s = 0.73 keV [1] . The level width of the ns state is ns = 1s /n 3 , where 1s = 1.06 keV [1] . For comparison, the dotted line shows the level profile given for E 1s = 0.73 keV and 1s = 0.106 keV.
antiprotons with hydrogen atoms or molecules; i.e.,p + H →pp + e [3, 4] ,p + H 2 →pp + H + e [5] andp + H + 2 →pp + H [6, 7] . In these processes, thepp atoms are mostly populated in very high orbitals n, 1 (n being the principal quantum number). Therefore, the producedpp atoms are generally quasi-stable. However, the admixture of the ns state leads immediately to the annihilation of thepp atom because the ns width ns is still very large [1, 2] . Such an -mixing process is readily induced by electric fields or by ion collisions. In the surroundings of liquid hydrogen, thepp atoms feel strong electric fields from adjacent H atoms (or p ions). The significance of resulting Stark mixing for annihilation was first pointed out by Day et al [8] , and was later discussed by Leon and Bethe [9] in a more quantitative manner.
It is, however, quite difficult to accurately estimate the Stark effect of thepp atoms in liquid hydrogen [1, 2] . This paper, considering the system of an ion and app atom, makes a theoretical study of the -mixing problem as an elementary collision process. Special attention should be paid to the present collision problem because the width ns is roughly equal to the ns energy shift E ns from the hydrogenic degenerate levels [1] , and hence as shown in figure 1, the n ( 1) levels overlap with the broadened ns level. The condition that the n → ns transition occurs most frequently may be given by the so-called Massey's criterion, i.e., E ns τ ∼h, with τ being the collision time. From E ns ∼ ns , we have τ ∼h/ ns . This means that the annihilation probably occurs in the course of collisions. In such a case, the annihilation process must be coherently taken into account in the collision problem. Furthermore, the level overlapping brings about the situation that the effective energy difference between the n ( 1) and ns states can be negligibly small. Also this fact should significantly influence the n → ns transition process.
In the present calculation, an impact-parameter close-coupling (CC) method is employed for the -changing transition within the same n manifold, and at the same time the ns annihilation channel is included by means of an optical potential model. The cross sections for annihilation ofpp atoms are reported. Since the cross section would be abnormally large for dipole-allowed transition between the nearly degenerate states, a chain n ( 1) → n − 1 → · · · → ns in successive collisions should be much more important than the direct transition n → ns. Therefore, low states (np, nd and nf) are considered here as the initial state of thepp atom.
Antiprotonic hydrogen
If both the proton and the antiproton are assumed to be a point charge, the Schrödinger equation for thepp atom is
where
with r being the position vector of the antiproton relative to the proton and M being the reduced mass of the two particles. Here and in the following, we use atomic units unless otherwise stated. The mean radius of thepp atom in the ns state is estimated by
For the 1s state, the energy is E 1s = −12.5 keV, and the atomic radius is a 1s = 1.63 × 10 −3 au. We neglect the energy shift due to corrections of QED and relativistic effects ( 3×10 −3 E n /n) [2] , which is much smaller than the collision energies considered here.
Let U be the optical potential representing the effective strong interaction between the proton and the antiproton [10] . Then, to the first order, the energy of thepp atom is given by
The nuclear spin is disregarded for simplicity. The optical potential U, having an absorbing part due to the annihilation, gives a complex value for (ψ n m |U |ψ n m ). In the time scale of the present collision process, the hadron effects are practically negligible for 1 [1, 2] . Therefore, we can assume that
and the levels with = 1, . . . , n − 1 are degenerate. For the energy shift E ns and the width ns , we can further have [15, 16] 
The first-order estimate (5) does not necessarily provide an accurate result [1] . As in a methodology often introduced for the construction of a particle-antiparticle optical potential in the atomic collision problems [11] [12] [13] [14] , we adopt the empirical data E 1s = 0.73 keV and 1s = 1.06 keV, obtained by an arithmetical average of several measurements [1] . Since E 1s > 0, the n ( 1) → ns transition should originally be an excitation process. In the presence of nonzero 1s , however, the collision problem becomes of a somewhat different nature.
Collision theory

Time-dependent Schrödinger equation
Let R be the position vector of the ion (with charge Z) measured from the centre of mass (CM) of thepp atom. Since distant collisions are important in the present case, we assume only the point-dipole interaction between the ion and thepp atom and a linear classical trajectory with a constant velocity v for the relative motion R (t). We use a body-fixed (BF) frame, in which the x axis is chosen along R and the z axis is perpendicular to the collision plane. Then, the time-dependent Schrödinger equation is given by
where b is the impact parameter, l the angular momentum vector of thepp atom. This equation explicitly includes thep-p optical potential U.
which is just the same as that given for Z = 1. In the present study, hence we consider only the case of Z = 1, i.e., equation (9) . Defining the dipole-interaction range A for the np → ns transition by a ns /A 2 = E ns , we have
According to the Massey's criterion, the most efficient velocity v 0 for the np → ns transition may be given by the condition E ns A/v 0 ∼ 1, i.e.,
Some properties of thepp atoms are summarized in table 1. It should be noted that the interaction range A is much longer than the atomic radius a ns .
Basis expansion
Since the range of the optical potential U is very short (∼1 fm 2 × 10 −5 au) [1, 10] , the wavefunction can be practically expanded in terms of ψ n m , i.e.,
as usually done in the study of Rydberg atom collisions [17] . Here, we consider only the states having the same principal quantum number n. In the present problem, the degenerate states with 1 are strongly coupled during the collision. It is hence much more convenient to introduce a basis set obtained by the diagonalization of the Hamiltonian
Within the same n manifold, as Demkov et al [18] showed, such basis functions can be given in the analytical form
where d j λµ (β) is the reduced rotation matrix element [19] , (j µ 1 jµ 2 | m) is the ClebschGordon coefficient [19] , and
Using (14), we can show [18] 
and we can expand the wavefunction as
where for the linear trajectory
Close-coupling equations
Expression (20) substituted into (9) leads to time-dependent CC equations for C λ 1 λ 2 (t):
Using (6) and (14), we can easily show
In the present case, all the coupling matrix elements have imaginary parts, which in totality account for particle loss due to the annihilation. When the wavefunction is expanded in the form (12) , an imaginary part appears only in the diagonal element (6), just giving a damping factor e − ns t/2 in the corresponding CC equations. Since the initial condition given at t = t i can be written as
we have
After the collision (t = t f ), from the equality
Symmetry consideration
Corresponding to the inversion (r → −r) symmetry, the replacement (
From these relations, we have
Substitution of (30) into (27) gives
where we have put
It should be noted that the difference between (27) and (32) is due solely to the argument t f or
and thereby we can see that the amplitude C m (t f ) vanishes unless + m = even. When 0 + m 0 = odd, (31) indicates that + m must be odd sinceC m is generally nonzero, and in this case
Thus, it follows from (31) that the parity + m is conserved, as was already shown in [20] . We have no transition to the s state from ( 0 , m 0 ) having odd parity. In the present problem, hence only even parity is involved, and (30) becomes
Accordingly, we need to only solve the CC equations for λ 1 λ 2 , i.e.,
Probabilities and cross sections
In the present study, the total probability defined by
becomes less than unity due to the annihilation. Even if we have a finite occupation probability of the ns state at t = t f , this state annihilates in the last instance because the annihilation is much faster than the radiative transition [1, 2, 9] . Therefore, the annihilation probability for the initial state n 0 m 0 may be defined by
In the present calculations except for very high velocities, however, the contribution from |C =0,m=0 (t f )| 2 was actually negligible. If the lifetime when only the annihilation is considered is much longer than the collision time, we can assume that the -changing transition and the annihilation are two separable processes. In this case, setting 1s = 0 (and E 1s = 0.73 keV) in the CC equations (36), we can calculate the probability of the n 0 m 0 → ns transition as
If the subsequent collisional and the radiative transitions are further negligible, then the annihilation probability can be assumed to be (39): hereafter referred to as the separable approximation.
The probabilities averaged over the magnetic sublevels are
The cross sections are given by
The latter is the annihilation cross section in the separable approximation. For the dipole-allowed np → ns transition, the contribution of very large impact parameters b becomes important. In the calculation of such distant collisions, we used the two-state (np ±1 + ns) CC method based on the expansion (12) with (6) for 1s = 0, and the first-order perturbation (Born) approximation for 1s = 0. We consider the principal quantum numbers n = 5, 11, 21, 31. For n = 31, the number of states coupled in the CC equations (36) is n(n + 1)/2 = 496.
Results and discussion
Interrelationship of mixing and annihilation
We look at how the mixing and the annihilation proceed during the collision. Figure 2 i.e., C =0 =0,m=0 (t) 2 and |C =0,m=0 (t)| 2 evaluated from the transformation (27) at each time t, and also the time dependence of the total probability P tot (t) for 1s = 1. First, we consider the 11s occupation probabilities for 1s = 0. When the velocity is low (v = 0.05 au), the probability transiently becomes even closer to 0.1 during the collision, but turns out to be very small after the collision P =0 11s = 0.004 . This is the polarization effect commonly observed in adiabatic collisions. When the velocity is high (v = 0.15 au), on the other hand, the 11s occupation probability remains large all the time at t 0, thus resulting in the transition probability P =0 11s = 0.138 after the collision. Next, we compare the results for 1s = 0 and 1.06 keV in the case of v = 0.05 au (the left panel of figure 2 ). Also for 1s = 1.06 keV, we can see that the behaviour of the occupation probability is mostly the same as that for 1s = 0. However, this does not mean that the separable approximation is satisfactory. In fact, the annihilation probability P a = 0.094 is much larger than the separable approximation P =0 11s = 0.004. Since the decrease of the total probability is attributable to annihilation, the annihilation is found to mainly occur in the vicinity of the time (t −30 au) that the occupation probabilities become the maximum peak, and is found to mostly terminate already at t 0. In addition, the annihilation probability is very close to the maximum of the occupation probability for 1s = 0 ( 0.09). It is thus evident that the polarization effect during the collision plays a crucial role for annihilation. The lifetime against annihilation for the 11s state is τ ∼ 1/ 11s 34 au, which is shorter than the collision time A/v 62 au at v = 0.05 au. This is just the case for which the separable approximation is meaningless.
When v = 0.15 au (the right panel of figure 2 ), the shorter collision time makes a more rapid increase of the 11s occupation probabilities just before t = 0, and then the occupation probability for 1s = 1.06 keV decreases rather slowly in accordance with the variation of the total probability. In this case, annihilation takes place more or less after the collision, and accordingly the validity condition of the separable approximation is more closely satisfied. Indeed, the annihilation probability P a = 0.212 is found to become relatively closer to the separable approximation P =0 11s = 0.138 for v = 0.15 au. In figure 3 , the quantities bP a and bP =0 ns at the velocities v = 0.05 and 0.15 au are plotted as a function of the impact parameter b for the initial 11p state. When v = 0.15 au, the agreement between the two results is very good. When v = 0.05 au, on the other hand, the result for 1s = 1.06 keV is always much larger than the separable approximation as can be expected from the inspection of figure 2, and their difference becomes remarkable particularly for distant collisions b 10 au. Because the effective energy difference between the np and ns levels can be much smaller than E ns due to the overlapping (figure 1), the collisions with larger impact parameters can contribute to the np → ns transition for 1s = 1.06 keV than for 1s = 0 (cf, (10)). At high velocities, however, the energy difference has a less important effect on the transition process (i.e., sudden collision). Also for this reason, the separable approximation becomes good even at very large impact parameters beyond b 10 au when v = 0.15 au. Figure 4 shows the annihilation cross section σ a ( 1s = 1.06 keV) and σ =0 ns obtained by the separable approximation. The latter shows a familiar velocity dependence, i.e., the maximum appears at v 0.1 au (∼v 0 ). When v v 0 (sudden collisions), the separable approximation works sufficiently well. However, when v v 0 (adiabatic collisions), while the cross section σ =0 ns is going down, the annihilation cross section stays large. As the velocity decreases, the collision time becomes longer, and the importance of the polarization effect increases. Hence, it seems that the annihilation cross section takes a finite value even when the CM collision energy E is below the excitation threshold E ns . Furthermore, the annihilation cross section may be getting larger in the low-energy limit. Unfortunately, the present results based on the impact-parameter method are valid only when the energy is E E ns . For the discussion on the annihilation at low energies, E E ns , one should rely on a complete quantum-mechanical calculation. In the p +pp system as an example, the velocity v = 0.01 au corresponds to the energy E 1.7 eV, which is three times larger than E 11s (table 1). The minimum velocities reported in the present study are chosen to be adequate for the use of the impact-parameter method.
Annihilation cross sections
The present calculation indicates that the annihilation cross section ( 1s = 1.06 keV) monotonically increases with decreasing v. Whether this finding is correct or not depends also on the accuracy of the width 1s . If the annihilation width is intentionally reduced by 1 10 (i.e., 1s = 0.106 keV), and the shift is unchanged, figure 4 shows that the annihilation cross section has a maximum peak, and only slightly differs from the separable approximation except at very low velocities. In this case, the level overlapping becomes less significant (figure 1). As a matter of course, the separable approximation is acceptable when 1s E 1s . The annihilation cross sections were further calculated as a function of the width 1s for a fixed shift E 1s = 0.73 keV, and the results are displayed in figure 5 for v = 0.05 and 1.5 au. The variation of the cross section is large for the low velocity, and is small for the high velocity. The relative errors of 1s obtained in experimental and theoretical studies were estimated to be ∼10% [1] . From figure 5 , the corresponding error of the cross section is found to be <10%. Consequently, the monotonic v-dependence of the annihilation cross section as seen in figure 4 is expected to be true at least in the velocity range considered here.
At the intersection with the hydrogenic level E n = −M/2n 2 (cf, figure 1 ), the Lorentzian function for the ns level profile takes a value
, which is decreasing as ns increases from ns = 2 E ns . Furthermore, the ns state would be no longer characterized as a spectral line if ns 2 E ns . From these facts, for very large widths, it is expected that the ns admixture occurs less frequently in the collisions, and hence the annihilation cross section is rather decreasing as shown in figure 5. 
Principal quantum number dependence
The annihilation cross sections ( 1s = 1.06 keV) were calculated for three initial angular momentum states np, nd and nf (n = 5, 11, 21, 31), and are plotted as a function of v in figure 6 . Since the np → ns transition is dipole allowed, the cross section for the np state always has the largest value. Nevertheless, the cross sections for the nd and nf states still have large values, and also increase with decreasing v. This is just because the strong coupling is important among the degenerate states with 1. As the principal quantum number n increases, the cross sections become exceedingly large. As an indication of size, we can compare the annihilation cross sections with the geometrical cross sections, πa The fact that annihilation cross section is much larger than the geometrical value justifies the assumption of the point-dipole interaction and the linear trajectory in the present calculation. The geometrical sizes scale as n 4 , while the annihilation cross sections are roughly proportional to n 5 for the same velocity (cf, πA 2 ∝ n 5 ). The ∼n 5 scaling of the cross sections was also found by MacAdam et al [21] for the -changing transition in collisions between an ion and a highly excited Na atom.
It is very helpful to obtain an empirical fitting formula for the annihilation cross sections. In figure 7 , the scaled cross sections f = σ a /n 5 are plotted as a function of the scaled velocity x = v √ n for all the n. The meaning of the scaled velocity is understood from (11) . We can see that all the data for each angular momentum state lie very well on a single curve, and are fitted by 
It should be noted that these fitting formulae are valid only in the limited range of x, and is inapplicable especially in the case of x → 0. The annihilation cross section at the velocity v for the initial n 0 state can be calculated from
Summary and remarks
We have investigated the mutual interference between the mixing and the annihilation in collisions ofpp atoms with ions. For the initial np, nd and nf states, the annihilation cross sections have been calculated in a wide velocity range, and a useful n-scaling law can be found for the cross sections. When the velocity is high (v > v 0 ), we can assume that the -changing and annihilation processes are separable from each other. In this case, the n → ns cross section calculated for 1s = 0 can be regarded as the annihilation cross section. At very high velocities, the Born approximation can be used for the collision calculation.
When the velocity is low (v < v 0 ), however, the -mixing and annihilation processes must be considered coherently in the course of the collision. Because of the polarization effect, the annihilation cross section takes an extremely large value even at very low velocities where the n → ns cross section for 1s = 0 is negligibly small. The mixing due to the polarization effect has a close similarity to the Stark mixing discussed by Day et al [8] and Leon and Bethe [9] . This paper confirms, from the point of view of the detailed collision calculation, that such -mixing processes indeed promote the annihilation of thepp atoms. Cohen and Padial [22] investigated the radiative emission and annihilation ofpp atoms produced inp + H collisions in near vacuum where mixing or Stark mixing is negligible. Here, we estimate the ion density at which the annihilation due to mixing becomes significant. The typical annihilation time ofpp atoms in bulk is given by T a = 1/N vσ a , where N is the number density of the ion. We consider the scaled velocities x = v √ n = 0.05−5 au, at which the quantities xf p (x) take the value ∼10 −5 au within a factor of ∼2. Then, in this velocity range we have roughly
For example, the densities that give T a ∼ 1 µs are: N ∼ 6 × 10 14 cm −3 for n = 10; ∼5 × 10 12 cm −3 for n = 30; ∼2 × 10 10 cm −3 for n = 100. The annihilation from the np state is also important in the analysis of the x-ray spectrum ofpp atoms [1, 2] since the width np is still larger than the radiative width [2] . For the np state, however, the energy shift E np (∼ −15/n 3 eV) from the hydrogenic degenerate levels, mainly coming from vacuum polarization [2] , is much larger than np (∼0.3/n 3 eV). In the study of the np annihilation, it is hence sufficient to calculate the n → np cross sections merely for np = 0 because the separable approximation is fairly good.
